The local Lorentz violation (LV) in gravity sector should show itself in derivation of the characteristic quasinormal modes (QNMs) of black hole mergers from their general relativity case. In this paper, I study QNMs of the gravitational field perturbations to Einstein-aether black holes and, at first compare them to those in Schwarzschild black hole, and then some other known LV gravity theories. By comparing to Schwarzschild black hole, the first kind aether black holes have larger damping rate and the second ones have lower damping rate. And they all have smaller real oscillation frequency of QNMs. By comparing to some other LV theories, the QNMs of the first kind aether black hole are similar to that of the QED-extension limit of standard model extension, non-minimal coupling to Einstein's tensor and massive gravity theories. While as to the second kind aether black hole, they are similar to those of the noncommutative gravity theories and EinsteinBorn-Infeld theories. These similarities may imply that LV in gravity sector and LV in matter sector have some intrinsic connections.
I. INTRODUCTION
LIGO (Laser Interferometer Gravitational wave Observatory) has detected gravitational wave(GW) from a binary black hole coalescence for the fourth time, on August 14, 2017 (GW170814) [1] . It provides a direct confirmation for the existence of a black hole and, confirms that black hole mergers are common in the universe. The black-hole binary systems are intrinsically strongly gravitating objects that curve spacetime dramatically, and the detections of GW from them give us opportunity and an ideal tool to stress test general relativity (GR) [2] . Some of the detections are used to test alternative theories of gravity where Lorentz invariance (LI) is broken which affects the dispersion relation for GW [3] . For the first time, they used GW170104 to put upper limits on the magnitude of Lorentz violation (LV) tolerated by their data and found that the bounds are important. Sotiriou [4] argued that when higher order corrections to dispersion relation of GW are present, there will be a scalar excitation which travels at a speed different from that of the standard GW polarizations or light. Hence, a smoking-gun observation of LV would be the direct detection of this scalar wave.
Lorentz invariance(LI) is one of the fundamental principles of GR and the standard model(SM) of particles and fields. Why consider LV? Because LI may not be an exact symmetry at all energies [5] , particularly when one considering quantum gravity effect, it should not be applicable. Though both GR and SM based on LI and the background of spacetime, they handle their entities in profoundly different manners. GR is a classical field theory in curved spacetime that neglects all quantum properties of particles; SM is a quantum field theory in flat spacetime that neglects all gravitational effects of particles. For collisions of particles of 10 30 eV energy (energy higher than Planck scale), the gravitational interactions predicted by GR are very strong and gravity should not be negligible [6] . So in this very high energy scale, one have to consider merging SM with GR in a single unified theory, known as "quantum gravity", which remains a challenging task. Lorentz symmetry is a continuous spacetime symmetry and cannot exist in a discrete spacetime. Therefore quantization of spacetime at energies beyond the Planck energy, Lorentz symmetry is invalid and one should reconsider giving up LI.
There are some phenomena of LV. On the SM side, there is an a priori unknown physics at high-energy scales that could lead to a spontaneous breaking of LI by giving an expectation value to certain non-SM fields that carry Lorentz indices [7] . LI also leads to divergences in quantum field theory which can be cured with a short distance of cutoff that breaks it [8] . On the GR side, astrophysical observations suggest that the high-energy cosmic rays above the Greisen-Zatsepin-Kuzmin cutoff are a result of LV [9] . Thus, the study of LV is a valuable tool to probe the foundations of modern physics. These studies include LV in the neutrino sector [10] , the standard-model extension [11] , LV in the non-gravity sector [12] , and LV effect on the formation of atmospheric showers [13] . Einstein-aether theory can be considered as an effective description of Lorentz symmetry breaking in the gravity sector and has been extensively used in order to obtain quantitative constraints on Lorentz-violating gravity [14] .
In Einstein-aether theory, the background tensor fields u a break the Lorentz symmetry only down to a rotation subgroup by the existence of a preferred time direction at every point of spacetime. The introduction of the aether vector allows for some novel effects, e.g., matter fields can travel faster than the speed of light [15] , dubbed superluminal particle. Due the existence of the superluminal gravitational modes, so the corresponding light-cones can be completely flat, and the causality is more like that of Newtonian theory [16] . It is the universal horizons that can trap excitations traveling at arbitrarily high velocities. Recently, two exact charged black hole solutions and their Smarr formula on universal horizons in 4-and 3-dimensional spacetime were found by Ding et al [17, 18] . Constraints on Einstein-aether theory were studied by Oost et al [19] and, gravitational wave studied by Gong et al [20] after GW170817. Other studies on universal horizons can be found in [21] . In Ref. [22] , Ding et al studied Hawking radiation from the charged Einstein aether black hole and found that i) the universal horizon seems to be no role on the process of radiating luminal or subluminal particles and, its temperature is dependant on z, T UH = (z − 1)κ uh /zπ, where z characterizes the species of the particles; while ii) the Killing horizon seems to be no role on superluminal particle radiation. Since up to date, the particles with speed higher than vacuum light speed aren't yet found, we here consider only subluminal or luminal particles perturbation to these LV black holes. In 2007, Konoplya et al [23] studied the gravitational perturbations of the non-reduced Einstein aether black holes and found that both the real part and the absolute imaginary part of QNMs increase with the aether coefficient c 1 .
Recently, Ding studied the scalar and electromagnetic perturbations of the first and second Einsteinaether black holes, and found [24] that their characteristics are similar to that of another LV model-the QED(quantum electrodynamics)-extension limit of SME (SM extension) [43] . What is about their gravitational perturbations? There are two types of perturbations of a black hole: adding fields to the black hole spacetime or perturbing the black hole metric itself. Then the scalar and electromagnetic perturbations are of the first type. After the coalescence of a binary black holes or the formation of a black hole by collapse, the black hole is in a perturbed state,
where the metric g 0 µν is of the nonperturbed black hole when all perturbations have been damped. This is the second type -gravitational perturbation which is important for emitting gravitational waves. In the linear
[43] For SME, see Appendix in the reference [24] approximation, the perturbations δg µν are supposed to be much less than the background δg µν ≪ g 0 µν . The background g 0 µν can be Schwarzschild or Einstein-aether black hole solutions. In this paper, I study the gravitational QNMs for two kinds of Einstein-aether black holes and compare them to Schwarzschild black hole to find some derivations. And I also compare them to black holes in some LV theories to find some connections between these theories. The plan of rest of our paper is organized as follows. In Sec. II, I review briefly the Einstein aether black holes and the sixth order WKB(Wentzel-KramersBrillouin) method. In Sec. III, I adopt to the sixth order WKB method and obtain the perturbation frequencies of the first kind Einstein aether black holes. In Sec. IV, I discuss the QNMs for the second kind Einstein aether black hole. In Sec. V, I present a summary. In Appendix, I briefly introduce some Lorentz violating theories, i.e., nonminimal coupling, massive gravity, noncommutative and Einstein-Born-Infeld theories.
II. EINSTEIN AETHER BLACK HOLES AND WKB METHOD
The general action for the Einstein-aether theory can be constructed by assuming that: (1) it is general covariant; and (2) it is a function of only the spacetime metric g ab and a unit timelike vector u a , and involves no more than two derivatives of them, so that the resulting field equations are second-order differential equations of g ab and u a . Then, the Einstein aether theory to be studied in this paper is described by the action [25] ,
where G ae is the aether gravitational constant, L ae is the aether Lagrangian density
where c i (i = 1, 2, 3, 4) are coupling constants of the theory. The aether Lagrangian density is therefore the sum of all possible terms for the aether field u a up to mass dimension two, and the constraint term λ(u 2 + 1)
with the Lagrange multiplier λ implementing the normalization condition u 2 = −1. The equations of motion, obtained by varying the action (2.1) with respect to g ab , u a , λ, can be found in Ref. [17, 25] .
There are a number of theoretical and observational bounds on the coupling constants c i [14, 19, 26, 27] , e.g., requiring stability and absence of gravitational Cherenkov radiation for theoretical constraint, Solar System and cosmological observations, etc. The strong field such as binary pulsar gives more stringent constraints on the couplings, c 13 0.03, where c 13 ≡ c 1 + c 3 , and so on. But this analysis of constraints is only valid in the small coupling region c i ≪ 1. Under the condition that sufficiently large sensitivity and large couplings, the Einstein-aether terms can in principle dominate over the GR ones [26] . Recently, Oost et al find that the GW170817 and GRB170817 events provides much more severe constraint that |c 13 | < 10 −15 [19] . However, I here don't concern these severe constraints and would draw our attention on the LV gravity theory itself for theoretical interest. Therefore from this point of view, I impose the following theoretical constraints [28] ,
The static, spherically symmetric metric for Einstein-aether black hole spacetime can be written in the form
There are two kinds of exact solutions [17, 28] . In the first case c 14 = 0, c 123 = 0 (termed the first kind aether black hole), the metric function is
If the coefficient c 13 = 0, then it reduces to Schwarzschild black hole. The quantity M is the mass of the black hole spacetime. In this case, the aether field has no contribution to black hole mass. In the second case c 14 = 0, c 123 = 0 (termed the second kind aether black hole), the metric function is
Here c 13 ≥ c 14 /2 (cf. 4.26 in [17] ). In this case, the aether field contributes spacetime mass as M ae = −c 14 M ADM /2 [17] , where M ADM is Komar mass. If the coefficient c 13 = c 14 /2, it also reduces to Schwarzschild black hole.
To gravitational field perturbations, we shall neglect small perturbations of aether field, keeping only linear perturbations of Ricci tensor for simplicity. According to Chandrasekhar designations [29] , the general form of the perturbed metric is
where e 2ν = e 2µ2 = f (r), e 2µ3 = r 2 , e 2ψ = r 2 sin 2 θ and σ = q r = q θ = 0 for non-perturbed case. The perturbations will lead to non-vanishing values of σ, q r , q θ and increments in ν, µ 2 , µ 3 , ψ, which are corresponding to axial and polar perturbations, respectively. Here we shall consider the axial type ones. The perturbation equation reads
where
Further with Q(r, θ) = rΨ(r)C −2/3 l+2 , it can be reduced to Schrodinger wave-like equations:
for gravitational field Ψ. The effective potentials take the form as:
The effective potentials V depend on the value r, angular quantum number (multipole momentum) l and the aether coefficient c 13 .
From the potential formula (2.12) and the metric function (2.6), the effective potential for the first kind aether black hole is 13) where the first two terms are Schwarzschild potential, the rests are the aether modified terms, shown in Fig.  1 .
In Fig. 1 , it is the effective potential of gravitational field perturbations near the first kind aether black hole. Obviously, if c 13 = 0, it can be reduced to those of the Schwarzschild black hole. The peak value gets lower and the turning point shifts to right with c 13 increasing. This potential behavior is similar to that of some other Lorentz violating theories. In the theory of coupling to Einstein's tensor of Reissner-Norström black hole (see Appendix A), the coupling parameter η decreases the peak value of scalar field potential for all l > 0 [30] . In the massive gravity theory (see Appendix B), the scalar chargeŜ decreases the peak value of scalar field potential and shifts its turning point to right [31] . In the Einstein-Born-Infeld theory (see Appendix D), the Born-Infeld scale parameter b decreases the peak value of scalar and gravitational field potential for all l [32] . In the QED-extension limit of SME theory (see Appendix in Ref. [24] ), Lorentz violation vector b µ also decreases the peak value of Dirac field potential and shifts its turning point to right [33] . These properties of the potential will imply that the quasinormal modes possess some different behavior from those of GR case and, some similarities between these Lorentz violating theories. From the potential formula (2.12) and the metric function (2.7), the effective potential for the second kind aether black hole is 14) where the the first two terms are Schwarzschild potential, the rests are the aether modified terms, shown in Fig. 2 . In Fig. 2 , it is the effective potential of the gravitational field perturbation near the second kind aether black hole. It is easy to see that for all l, the peak value of the potential barrier gets lower with c 13 increasing just like the first kind aether black hole and decreasing more quickly. Although both kinds of black holes have similar potential with coupling constant c 13 , their QNM behaviors with c 13 will be different with each other partially.
The Schrödinger-like wave equation (2.11) with the effective potential (2.12) containing the lapse function f (r) related to the Einstein-aether black holes is not solvable analytically. Since then I now use the sixthorder WKB approximation method to evaluate the quasinormal modes of gravitational field perturbation to the first and second kind aether black holes. The third-order WKB semianalytic method has been proved to be accurate up to around one percent for the real and the imaginary parts of the quasinormal frequencies for low-lying modes with n < l [34, 35] . The sixth-order WKB method shows more accurate than third-order one [36] . Due to its considerable accuracy for lower lying modes, this method has been used extensively in evaluating quasinormal frequencies of various black holes. In the sixth approximation, the formula for the complex quasinormal frequencies is given by 
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and
the constants Λ 4 , Λ 5 , Λ 6 are from Ref. [36] [44], n is overtone number and r p is the turning point value of polar coordinate r at which the effective potential (2.12) reaches its maximum. Substituting the effective potential V (2.12) into the formula above, we can obtain the quasinormal frequencies for the gravitational field perturbations to Einstein-aether black holes. In the next sections, we obtain the quasinormal modes for both kinds of Einstein-aether black holes and analyze their properties.
III. QUASINORMAL MODES FOR THE FIRST KIND AETHER BLACK HOLE
In this section, I study the gravitational field perturbations to the first kind Einstein aether black hole. The perturbation frequencies are shown in Tab. I and Figs. from 3 to 5.
Behaviors with fixed l, n and c 13 . Tab. I shows the real and the absolute imaginary parts of frequencies are both lower than the electromagnetical and scalar fields perturbations obtained in Ref. [24] , i.e., gravitational<electromagnetical<scalar. It shows that gravitational perturbations have lowest damping rates and smallest oscillation frequencies.
Behaviors with different l. Tab. I shows that, for fixed c 13 , both the real part and the absolute imaginary part of frequencies increase with the angular quantum number l. For large l, the imaginary parts approach a fixed value. These properties are similar to the usual black holes and, also shown in Fig. 4 . These increasing behaviors are similar to the electromagnetical field perturbations, but different from scalar field ones whose absolute imaginary part decrease with l. Tab I also shows the derivations from Schwarzschild black hole. For l = 2, the decrease in Reω is about from 0.7 percent to 17 percents, while the increase in −Imω is about from 1 percent to 15 percents, and may be detected by new generation of gravitational antennas. It will help us to seek LV information in nature in low energy scale. Behaviors with different overtone numbers n. Fig. 3 and Fig. 5 show that the real parts decrease and the absolute imaginary ones increase with n, which are the same as those of the scalar and electromagnetic perturbations [24] .
Behaviors with different aether constants c 13 . For the fixed angular number l, or overtone number n with different c 13 (small c 13 ), Tab. I, Fig. 3 and Fig. 5 show that the real parts of frequencies decrease, and the absolute imaginary ones increase with the small c 13 firstly to c 13 = 0.9 and then decrease on the contrary, which are similar to the scalar and electromagnetic perturbations [24] . It is different from that of the nonreduced aether black hole [23] , where both all increase with c 1 . By comparing to Reissner-Norström black hole, Fig. 3 and 4 show us a similar behavior that the absolute imaginary part of frequencies increases for small parameter c 13 or Q, and then decrease in the region of large parameter [37] . The only difference is that the real part decreases here for all c 13 and increases there for all Q.
By comparing to some other LV models -nonminimal coupling theory to Eistein's tensor, massive gravity theory and the QED-extension limit of SME, the above gravitational field QNMs properties with c 13 are similar to those of them: the scalar field QNMs with coupling constant η [30] , the scalar field QNMs with the scalar chargeŜ [31] and Dirac field QNMs with LV coefficient b µ [33] , respectively. These similarities are that the real part decreases while the absolute imaginary part increases with the given LV coefficient η,Ŝ and b.
In the theory of QED-extension limit of SME, local LV coefficient b µ is introduced in a matter sector, while in Einstein-aether theory, the nonminimal coupling theory and massive gravity, local LV is in a gravity The lowest overtone (n = 0) quasinormal frequencies of the gravitational field in the second kind aether black hole spacetime with fixed c14 = 0.02. sector. For the former, LV matter perturbs to LI black hole -Schwarzschild black hole and produces QNMs. For the latter, LI matter perturbs to LV black hole -Einstein-aether black hole, the modified ReissnerNorström black hole and massive gravity black hole, and then produces QNMs. These similarities between different backgrounds may imply some common property of LV coefficient on QNMs, i.e., in presence of LV, the perturbation field oscillation damps more rapidly, and its period becomes longer. They also motivate us to the further theoretical study on the possible intrinsic connections between them.
IV. QUASINORMAL MODES FOR THE SECOND KIND AETHER BLACK HOLE
In this section, I study the gravitational field perturbations to the second kind of Einstein-aether black hole with fixed c 14 = 0.02. Their behaviors are shown in Tab. II and Figs. from 6 to 8.
The l-dependant behaviors. Tab. II shows that, for fixed c 13 , both the real and the absolute imaginary parts of frequencies increase with the angular quantum number l. For large l, the imaginary parts approach a fixed value which is similar to the first kind aether black hole and, also shown in Fig. 7 . Tab II also shows the derivations from Schwarzschild black hole. For l = 2, the decrease in Reω is about from 3 percents to 45 percents, while the decrease in −Imω is about from 1 percent to 31 percents, both are bigger than the first kind aether black hole, and may be detected by new generation of gravitational antennas.
The n-dependant behaviors. For different overtone numbers n, Fig. 6 and Fig. 8 show that the real parts decrease and the absolute imaginary ones increase with n, which is the same as that of the first kind aether black hole.
The c 13 -dependant behaviors. For the fixed angular number l, or overtone number n, Tab. II, Fig. 6 and Fig. 7 show that both the real and the absolute imaginary parts of frequencies all decrease with c 13 increasing, which are completely different from that of the non-reduced aether black hole [23] , or partially different from those of the first kind aether black hole. And they are the same as those of the scalar and electromagnetic perturbations obtained in Ref. [24] . This property of both decreases is similar to that of the noncommutative Schwarzschild black hole [38] and Einstein-Born-Infeld black hole [32] . It is interesting that the three kinds of black holes' masses/charge are all modified. For the second kind aether black hole, the aether field contributes the spacetime mass as M ae = −c 14 M ADM /2 [17] , where M ADM is its Komar mass. For the noncommutative Schwarzschild black hole, the pointlike mass is replaced by smeared mass distribution so that there is no singularity at the origin r = 0. For the Einstein-Born-Infeld black hole, the pointlike charge is replaced by non-linear distribution also leads to no singularity the electromagnetic field at the origin. Is Einstein-Born-Infeld theory also Lorentz breaking? It is an open issue that needs to be studied in the future.
Noncommutative theory has a strong quantum gravity motivation. The similarities of QNMs between it and the second kind aether black hole show us that Lorentz symmetry should be given up in a potential quantum gravity.
V. SUMMARY
The local Lorentz violation in the gravity sector should show itself in radiative processes around black holes. And the similar behaviors of QNMs with the corresponding parameters in some LV theories can lead us to further understand them.
In this paper, I study on QNMs of the gravitational field perturbations to Einstein-aether black holes. In Einstein-aether theory, Lorentz symmetry is broken by the existence of the aether field u a . This aether field doesn't affect the spacetime mass of the first kind aether black hole, but contributes mass as M ae = −c 14 M ADM /2 in the second kind aether black hole spacetime. To the effective potential, when c 13 increases, the turning points for both kinds of black holes always become larger, and the value of their peak becomes lower. However, their QNMs are different from each other that show their complexity. For the first kind aether black hole, the real part of gravitational QNMs becomes smaller with all c 13 increase. The absolute value of imaginary part of QNMs becomes bigger with small c 13 increase, and then decreases with big c 13 . For the second kind aether black hole, both decrease with c 13 . For the non-reduced aether hole [23] , both real part and the absolute value of imaginary part of QNMs increase with c 1 .
Firstly by comparing to Schwarzschild black hole, the first kind aether black holes have larger damping rate and the second ones have lower damping rate. They all have smaller real oscillation frequency of QNMs. If the breaking of Lorentz symmetry is not very small, the derivation of QNMs from Schwarzschild values might be observed in the near future gravitational wave events and, detected by new generation of gravitational antennas.
Secondly, by comparing to some other LV gravity theories, the properties of QNM behaviors for the first kind Einstein-aether black hole with c 13 are similar to the behaviors of the scalar field QNMs with coupling constant η [30] , the scalar field QNMs with the scalar chargeŜ [31] and Dirac field QNMs with LV coefficient b [33] . These similarities between different backgrounds may imply some connections between Einstein-aether theory, the non-minimal coupling theory, massive gravity theory and the QED-extension limit of SME, i.e., LV in gravity sector and LV in matter sector will make quasinormal ringing of black holes damping more rapidly and its period becoming longer.
The properties of QNM behaviors for the second Einstein-aether black hole with c 13 are similar to the scalar and gravitational field QNMs of Einstein-Born-Infeld black holes with the Born-Infeld parameter b [32] and, the scalar, gravitational, electromagnetic and Dirac fields QNMs of noncommutative Schwarzschild black hole [38] with the spacetime noncommutative parameter ϑ. In this case, LV in gravity sector affects spacetime mass and will make quasinormal ringing of black holes damping more slowly and its period becoming longer. Noncommutative theory has a strong quantum gravity motivation. The similarities of QNMs between it and the second kind aether black hole show us that Lorentz symmetry should be given up in a model merging SM and GR.
Thirdly by comparing to Ref. [24] , the real and the absolute imaginary parts of QNMs are lower than the electromagnetical and scalar fields perturbations, i.e., gravitational<electromagnetical<scalar. For fixed c 13 , like the electromagnetical field, both the real part and the absolute imaginary part of frequencies increase with l.
